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(5) How do smoothed returns impact performance measurement?
* Understated risk and overstated risk-adjusted performance

(6) How can we solve this issue (at least partially)?
* Return unsmoothing
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Defining Smoothed Returns
(1) What are smoothed returns?

◦ Returns that have less volatility than if marked-to-market

• If that is the case, use market values to calculate returns!
◦ Great solution...for liquid assets

• For illiquid assets, we very often do not observe market values

• So, illiquid assets often display smoothed returns

• But, ultimately, they are driven by the lack of market values

• Defining return terminology:
◦ Returns based on estimated values = “reported returns”

(observable)

◦ Returns based on market values = “economic returns”
(unobservable)
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Detecting Smoothed Returns (Logic)
• A simple way to think about smoothed returns is to consider

ro
t+1 = (1 − θ) · rt+1 + θ · ro

t

r is the economic log return on the asset
ro is the reported log return on the asset

Autocorrelation Lag (in Quarters)
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Detecting Smoothed Returns (Evidence)
(3) Do illiquid assets display smoothed returns empirically?

* Yes!

• For NAV REITs:

Source: Couts, Gonçalves (2024)

https://papers.ssrn.com/sol3/papers.cfm?abstract_id=4692973
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Source: Brown, Gonçalves, Hu (2024)

https://dx.doi.org/10.2139/ssrn.4967890
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• For Hedge Funds (assets are publicly traded but often illiquid)
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Main Drivers of Smoothed Returns
(4) What is the main driver of smoothed returns?

* Illiquidity (as opposed to manipulation)

• Managers report AUM based on the value of their asset
• But managers only observe noisy signals of illiquid asset values
• So, optimal estimates of illiquid AUM imply smoothed returns

(we formalize this statement when discussing return unsmoothing)

• But managers may manipulate reported AUM to “look good”
• Both aspects are present in the data, but illiquidity dominates
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• But managers only observe noisy signals of illiquid asset values
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• But managers may manipulate reported AUM to “look good”
• Both aspects are present in the data, but illiquidity dominates
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Effect of Smoothed Returns on Performance Measurement
(5) How do smoothed returns impact performance measurement?

* Understated risk and overstated risk-adjusted performance

• Consider a simple example:

Ro
t = (1 − θ) · Rt + θ · Rt−1

Rt = β · Rm,t + ϵt

• In this case, the risk exposure estimated using Ro
t is

βo = Cov [Ro
t ,Rm,t ]

Var [Rm,t ]
= (1 − θ) · Cov [Rt ,Rm,t ]

Var [Rm,t ]
= (1 − θ) · β

• And the estimated alpha is

αo = E[Ro] − βo · E[Rm] = (β − βo) · E[Rm] = θ · E[Ro]

• So, βo < β and αo > 0
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[1.3] Effect of Smoothed Returns on Performance Measurement

The Investor’s Risk Exposure is β and not βo

(5) How do smoothed returns impact performance measurement?
* Understated risk and overstated risk-adjusted performance

• Consider a simple example:

Ro
t = (1 − θ) · Rt + θ · Rt−1

Rt = β · Rm,t + ϵt

• Objection: reported values better reflect “fundamental value”
◦ So, the risk that matters is βo and not β!

• Consider Rm,t = −10% with no other movement in markets:

Ro
t = −(1 − θ) · β · 10% and Ro

t+1 = −θ · β · 10%
⇓

Ro
t+1 + Ro

t = − β · 10%

• If you hold the investment for 2 periods, what matters is β!
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* Understated risk and overstated risk-adjusted performance

• Consider a simple example:

Ro
t = (1 − θ) · Rt + θ · Rt−1

Rt = β · Rm,t + ϵt

• Objection: reported values better reflect “fundamental value”
◦ So, the risk that matters is βo and not β!

• Consider Rm,t = −10% with no other movement in markets:

Ro
t = −(1 − θ) · β · 10% and Ro

t+1 = −θ · β · 10%
⇓

Ro
t+1 + Ro

t = − β · 10%

• If you hold the investment for 2 periods, what matters is β!
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Can Market Time Change the Risk Exposure to βo?
• Buying and selling illiquid assets incurs large transaction costs

(e.g., Nadauld et al (2019), Boyer et al (2023))
• Funds impose restrictions that limit market timing incentives

◦ Front-end & back-end loads, lock-in periods, gates, queues...
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[2.1] MA(H) and AR(L) Unsmoothing

MA(H) Unsmoothing
• Reported returns (Ro) reflect past economic returns (R):

Ro
j,t = θ

(0)
j · Rj,t + θ

(1)
j · Rj,t−1 + ...+ θ

(H)
j · Rj,t−H

where
∑H

h=0 θ
(h)
j = 1 (information is eventually incorporated)

• Identification: Rj,t = µj + ηj,t with ηj,t
iid∼ N (0, σ2

j )

Ro
j,t = µj + θ

(0)
j · ηj,t + θ

(1)
j · ηj,t−1 + ...+ θ

(H)
j · ηj,t−H

• This is a MA(H): moving average process of order H

• Estimate µj and θ(h)
j by MLE (Getmansky, Lo, Makarov (2004))

(MLE typically imposes θ(0)
j = 1, so divide estimates by

∑H
h=0 θ

(h)
j )

• Get ηj,t from MA(H) residuals to obtain unsmoothed returns:

Rj,t = µj + ηj,t

https://doi.org/10.1016/j.jfineco.2004.04.001
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AR(1) Unsmoothing
• Reported returns (Ro) reflect past economic returns (R):

Ro
j,t = (1 − θj) · Rj,t + θj · Ro

j,t−1

where
∑H

h=0 θ
(h)
j = 1 (information is eventually incorporated)

• Identification: Rj,t = µj + ηj,t with ηj,t
iid∼ Dist(0, σ2

j )

Ro
j,t = µj + θj · (Ro

j,t−1 − µj) + (1 − θj) · ηj,t︸ ︷︷ ︸
ϵj,t

• This is an AR(1): autoregressive process of order 1

• We can estimate µj and θj by OLS (Geltner (1991, 1993))

• Get ϵj,t from AR(1) residuals to obtain unsmoothed returns:

Rj,t = µj + ϵj,t/(1 − θj)

https://link.springer.com/article/10.1007/BF00161933
https://www.jstor.org/stable/44095449
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• We can estimate µj and θj by OLS (Geltner (1991, 1993))

• Get ϵj,t from AR(1) residuals to obtain unsmoothed returns:

Rj,t = µj + ϵj,t/(1 − θj)

https://link.springer.com/article/10.1007/BF00161933
https://www.jstor.org/stable/44095449
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[2.2] 3-Step Unsmoothing

3-Step MA(H) Unsmoothing
• Ro reflects past aggregate (R) and relative (R̃) returns:

Ro
j,t =

∑H

h=0
ϕ

(h)
j · R̃j,t−h +

∑H

h=0
π

(h)
j · R t−h

= µj +
∑H

h=0
ϕ

(h)
j · η̃j,t−h +

∑H

h=0
π

(h)
j · ηt−h

where
∑H

h=0 ϕ
(h)
j =

∑H
h=0 π

(h)
j = 1

• Step 1: ηt from MA(H) on Ro
t

Ro
j,t ≈ µj +

∑H

h=0
π(h) · ηt−h

• Step 2: η̃j,t from MA(H) on R̃o
j,t with ηs as covariates

R̃o
j,t = µj +

∑H

h=0
ϕ

(h)
j · η̃j,t−h +

∑H

h=0
ψ

(h)
j · ηt−h

• Step 3: Rj,t = µj + η̃j,t + ηt
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3-Step AR(1) Unsmoothing
• Ro reflects past aggregate (R) and relative (R̃) returns:

Ro
j,t = (1 − ϕj) · R̃j,t + ϕj · R̃o

j,t−1 + (1 − πj) · R t + πj · Ro
j,t−1

= µj + ϕj · (R̃o
j,t−1 − µ̃j) + πj · (Ro

j,t−1 − µj) + ϵj,t

where ϵj,t = (1 − ϕj) · η̃j,t + (1 − πj) · ηt

• Step 1: ϵj,t are residuals in the time-series regression above

• Step 2: ϵt ≈ (1 − π) · ηt ⇒ ηt = ϵt/(1 − π)

• Step 3: Rj,t = µj + η̃j,t + ηt where

η̃j,t = ϵj,t − (1 − πj) · ηt
(1 − ϕj)
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[2.3] Bayesian Justification

Smoothed Returns with Bayesian Fund Manager: MA(1)
• Consider a simple framework for vj,t = log(Vj,t):

vj,t = µj + vj,t−1 + ηj,t with ηj,t ∼ N (0, σ2
j )

• At t, the manager learns vj,t−1 and observes the noisy signal

η̂j,t = ηj,t + uj,t with uj,t ∼ N (0, σ̂2
j )

• The manager reports the Bayesian estimate for the fund value,

vo
j,t = µj + vj,t−1 + E[ηj,t |η̂j,t ]︸ ︷︷ ︸

θ
(0)
j ·η̂j,twhere θ

(0)
j = (1/σ̂2

j )/(1/σ2
j + 1/σ̂2

j )

• In this case, the reported return is

ro
j,t = vo

j,t − vo
j,t−1 = (vj,t−1 − vj,t−2) + θ

(0)
j · (η̂j,t − η̂j,t−1)

= θ
(0)
j · rj,t + (1 − θ

(0)
j ) · rj,t−1 + ξj,t

where ξj,t = θ
(0)
j · (uj,t − uj,t−1)
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[2.3] Bayesian Justification

Smoothed Returns with Bayesian Fund Manager
• Our Bayesian smoothing process is a MA(1) except for ξj,t

• We can ignore the ξj,t term (Couts, Gonçalves, Rossi (2020))

◦ In this case, we have a MA(1) process

◦ We still have unbiased estimates of β and α

◦ The reason is that ξj,t is uncorrelated with returns

• The Bayesian framework can be generalized to a MA(H)
◦ At t, the manager learns vj,t−H (instead of vj,t−1)

◦ The manager can also observe noisy signals for ηj,t−h

• The Bayesian framework can also be generalized to a AR(L)
◦ The manager never learns vj,t

◦ But the manager observes noisy signals about ηj,t and ηj,t−h

• The Bayesian framework can justify the 3-Step method as well
◦ The manager observes separate signals for η̃j,t and ηt

https://doi.org/10.1093/rfs/hhae006
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• We explored (1) in this talk
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◦ Provided a solution: return unsmoothing methods

• There are alternative approaches to deal with (1)
◦ Dimson regressions (Dimson (1979))

◦ Nowcasted NAVs (Brown, Ghysels, Gredil (2023))

◦ NPVs from cash flows
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• Need more work on how (2) affects performance measurement
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